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Abstract
It is shown that the one-loop coecients of on-shell operators of
standard supergravity with canonical gauge kinetic energy can be reg-
ulated by the introduction of Pauli-Villars chiral and abelian gauge
multiplets, subject to a condition on the matter representations of the
gauge group. Aspects of the anomaly structure of these theories under
global nonlinear symmetries and an anomalous gauge symmetry are
discussed.
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1 Introduction and preliminaries
It was shown in [1] that Pauli-Villars regulation of the one-loop quadratic
divergences of a general N = 1 supergravity theory is possible. This re-
sult was generalized [2] to the regularization of the one-loop logarithmic
divergences of globally supersymmetric theories, including nonlinear sigma
models, with canonical kinetic energy for Yang-Mills elds. It was further
assumed that the theory was free of gauge and mixed gravitational-gauge
anomalies. The purpose of the present paper is to generalize further these
results.
In section 2 we give a full PV regularization of a general supergravity the-
ory with canonical kinetic energy for the gauge elds and an anomaly-free
gauge group. In section 3 we consider anomalies under Ka¨hler transforma-
tions, and in section 4 we show how the regularization procedure must be
modied in the presence of an anomalous U(1) gauge group factor. Our re-
sults are summarized in section 5, and some calculational details, as well as
corrections to [3, 4], are given in appendices.
We conclude this section with a brief review of the formalism used to
evaluate the regularized Lagrangian. The one-loop eective action S1 is ob-
tained from the term quadratic in quantum elds when the Lagrangian is
expanded about an arbitrary background:



















where the column vectors ;; c represent quantum bosons, fermions and
ghost elds, respectively, and  represents background fermions that we shall
set to zero throughout this paper. The fermion sector  includes a C-odd
Majorana auxiliary eld  that is introduced to implement the gravitino
gauge xing condition. The full gauge xing procedure used here is described
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where T− is the helicity-odd fermion contribution which contains no quadratic
divergences, and the helicity-even contribution is given by
D^2 +H  (−i 6D +M) (i 6D +M) : (1.3)
The background eld-dependent matrices H() and D^() = @ + Γ() are
given in [3], [4], where the one-loop ultraviolet divergent contributions have
been evaluated.
We regulate the theory by including a contribution from Pauli-Villars
loops, regarded as a parameterization of the result of integrating out heavy
(e.g., Kaluza-Klein or string) modes of an underlying nite theory. The
signature  = 1 of a PV eld determines the sign of its contribution to the
supertrace relative to an ordinary particle of the same spin. Thus  = +1(−1)
for ordinary particles (ghosts). The contributions from Pauli-Villars elds
with negative signature could be interpreted as those of ghosts corresponding
to heavy elds of higher spin.
Explicitly evaluating (1.2) with an ultraviolet cut-o  and a massive
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p2 + 2 +H 0 + 

+ 322 (S 01 + T−)


















S 01 is a logarithmically divergent contribution that involves the operator















Finiteness of (1.4) when !1 requires
STr2n = STrH 0 = STr

22H 0 + 2

= STrH 0
= STrH 02 +
1
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STrG02 + 2t0− = 0; (1.6)
where t0− is the coecient of ln
2=322 in T−+T
PV
− . The vanishing of STr
2n
is automatically assured by supersymmetry. Once the remaining conditions
















We consider here a supergravity theory in which the Yang-Mills elds
have canonical kinetic energy. We further assume that there are no gauge or
mixed gauge-gravitational anomalies: TrT a = Tr(fTa; TbgTc) = 0, where Ta
is a generator of the gauge group.
To regulate chiral multiplet loops, we introduce Pauli-Villars chiral su-
permultiplets ZI; that transform under gauge transformations like Z
I , Y I ;
that transform according to the conjugate representation, and gauge singlets
Y 0; Z0. Additional charged elds XA and U

A transform according to the rep-
resentation RaA and its conjugate, respectively, under the gauge group factor
Ga, and V A transforms according to a (pseudo)real representation that is




















for particles transforming according to the representation R (or R), and
the subscripts i; A; refer to the light elds and to X;U; V; respectively. For
example, if the theory has 2Nf fundamental representations of Ga, (as in
supersymmetric extensions of the Standard Model) we can take PV elds in





 = Nf . If there are 2Nf + 1 fundamental representations, one
needs an anomaly-free (pseudo)real representation r for some V A such that
Car = (2m + 1)C
a
f . If no such representation exists, the theory cannot be
regulated in this way.
To regulate gravity loops we introduce additional gauge singlets γ, as
well as U(1) gauge supermultiplets W with signature  and chiral mul-
tiplets Z = e

with the same signature and U(1) charge q , such
that the Ka¨hler potential K(; ) = 1
2
( + )
2 is invariant under U(1) :
 = −  = iq . The corresponding D-term:









 + ); (2.3)
vanishes in the background, but ( + )=
p
2 acquires a squared mass
2 = (2x)
−1q2 equal to that of W
, with which it forms a massive vector
supermultiplet, where x = g−2 is the inverse squared gauge coupling, taken
here to be a constant.
Finally, to regulate the Yang-Mills contributions, we include chiral mul-
tiplets ’a; ’^
a
 that transform according to the adjoint representation of the
gauge group.























































































Y 1J + jY
1
0 j
2; Ki = Ki mK m; (2.4)









































































































; f = ; fa = e
p
2x’a; (2.6)
where the index a refers to the light gauge degrees of freedom. The function
K = K(Z; Z) is the Ka¨hler potential for the light chiral multiplets Zi = ( Z{)y,
W = W (Z) is the superpotential, and
Ki = @iK =
@
@zi
K; Ki m = @i@ mK; Kij = @i@jK; etc: (2.7)
Properties of the metric tensor for YI ; Y0, are given in Appendix A. The
matrices ; d; e, are nonvanishing only when they couple elds of the
same signature. The parameters ; , play the role of eective cut-os; they
are constrained so as to eliminate logarithmically divergent terms of order
5
2 ln 2 in the integral (1.4). The parameters a; b; c; d; e, are of order unity,
and are chosen to satisfy:



























































3 = −1: (2.9)
2.1 Quadratic divergences
In [1] it was shown how to regulate the quadratic divergences of supergravity
that are proportional to2
STrH = −10V − 2M2 +
7
2
r + 4Ki mDz

















where N and NG are the number of chiral and gauge supermultiplets, re-
spectively, in the light spectrum. In these expressions, r is the space-time
curvature, Ri m is the Ricci tensor associated with the Ka¨hler metric Ki m,
V = V^ +D is the classical scalar potential with V^ = e−KAi Ai − 3M2; D =
(2x)−1DaDa; Da = Ki(Taz)i, and M2 = e−KA A is the eld-dependent
squared gravitino mass, with
A = eKW = Ay; Ai = DiA; A
i = Ki m A m; etc:; (2.11)
2See Appendix D for corrections with respect to [3, 4]. Our conventions and notations
are dened in the Appendices of these papers.
6
where Di is the scalar eld reparameterization covariant derivative.
In evaluating the eective one-loop action we set to zero all background
































where P refers to all PV chiral multiplets, including . From (2.1) we obtain
for the relevant elements of the scalar reparameterization connection Γ and







(RZ)IJk m = R
i
jk m; (R
















(RY)IJk m = −R
j





Y)00k m = a
2
Kk m; (R
Y)0Jk m = 0;
(RY )
J




jk m + a
2
 (KkKj m +KjKk m)
i








Dk m = 
C
DCKk m; 
C;D 6= Z; Y; (2.13)
where ’ = 1; ’^ =  = 0: Using these relations with (2.9) we obtain an




(N 0 −N 0G)− 2

Ki mDz




+2V^ (N 0 − ) + 2M2 (N 0 − 3) + 2Ri m


















With (2.10) the niteness condition STrH 0 = 0 imposes the constraints
N 0 = 7−N; N 0G = −NG;  = 2: (2.15)
7
The vanishing of STr(2H 0+2) in (1.6) further constrains the parameters
 and . If, for example, we set3 P = 
P








































2 = 0 for xed C 6= 0; C 6= Z
I ; YI : (2.16)
As explained in [1] the O(2) contribution to S0 +S1 =
R




 ; K) + L1 = L0(g ; K + K); g = g
0



































γ = q2γγ; (2.17)
where [5]








ln P ; P 6= = 
0








TSPS T R; P 6= ; 
2
γ = γ jj
2: (2.18)
2 plays the role of the (matrix-valued) eective cut-o. As emphasized
previously [1], if there are three or more terms in the sum over , the sign of
P is indeterminate [5].
3The result is unchanged if the parameters ! (z);  ! (z; z) depend on the light
elds[1].
8
In the following we require only on-shell invariance,4 so the quadratic
divergences impose one less constraint than in (2.15). That is, we perform a
























gR = (1 + )g ;  =
2
322
(N +N 0 −NG −N
0
G − 7) ; (2.19)
and we do not require  to vanish. Then the niteness conditions reduce to
N 0 = 3+ 1−N; N 0G = − 2−NG: (2.20)
In this case, the third niteness condition in (1.6) becomes
STr















The supertrace on the right hand side vanishes identically because the su-
pertraces of the squared mass matrices 2PV vanish separately in the chiral




From the results of [3, 4], if L(g;K) is the standard Lagrangian [6, 7] for
N = 1 supergravity coupled to matter with space-time metric g , Ka¨hler
potential K, and gauge kinetic function fab(Z) = ab, the logarithmically
divergent part of the one loop corrected Lagrangian is













4The o-shell divergences are prescription dependent; the extension of this regulariza-
tion procedure beyond one loop may require a choice of prescription in which they can
also be made nite.
9


















































































































































−KRk jn iAk A
nDj(T










































































































nRk ‘n j −R
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j i(Amk‘ A














Rj kn iAjk A






















































































































The renormalized Ka¨hler potential is













The second term in the expression (2.24) for Leff does not contribute to the
S-matrix. Since we are only interested in on-shell niteness, we can drop
it. We have also dropped total derivatives, including the Gauss-Bonnet term















in agreement with other calculations [8]. We similarly drop total derivatives
in the logarithmically divergent PV contributions.

































FL = FL = −FV^ +


















is the shift in L=
p
g due to a shift F (z; z) in the Ka¨hler potential, and [see






























iDz mKi m − 4DL; (2.35)
12
are the contributions from the gauge kinetic terms given in (2.6), obtained
by a straightforward generalization of the results of [4] to the case of a non-
diagonal gauge kinetic function fab (see Appendix B).
To evaluate K 0 and L3 we need the additional PV matrix elements (see
appendix A):
RZ1I mJn = Ri mjn +Ki mKjn +Ki mKjn; A
Z1

































i;  > 3;
p




KWi;  > 3;










where we have not included -dependent terms that are already contained
in (2.17). Then, using (2.8-9) we obtain





ij + 2V^ + 2M2 − 4Kaa − 4(e+ 1)D
i
: (2.37)








k ‘ + 4Rk m‘n + 2 (Kk mK‘n +K‘ mKkn) ;
AZ1IJ
AIJZ1 = Aij
Aij ; RZ1I mJn A
IJ
Z1
= Ri mjn A
ij + 2 A mn; (2.38)
giving



















iDz m + e−K AiA m

R‘i mnA‘
An − 8DM2; (2.39)
where relations among operators given in Appendix B of [4] were used. LP2













































































R‘nk m + a
4
 (Kk mK‘n +KknK‘ m) ;
(RY)PQk mDQ(Tby
)P = Rjik mDi(Tbz)
j + a2Dk(Tbz)
jKj m;  > 3;
DC(Ta)
DDD(Tb)

















C;D 6= Z; Y: (2.41)
Then using the constraints (2.8) and the results given in Appendix B of [3],
we obtain (see Appendix A)X
P































































4V^ + 12M2 + 8D
i













The renormalization of the Ka¨hler potential is seen to be nite. Setting
2e2 + (d− 2e)2 = 2e; (2.44)
and using the constraints (2.20), we obtain for the remaining contributions





nDzj (Ki mKjn −KinKj m)
i
(2−  + 30)

2V^ M2 + 3M4 + 2M2Ki mDz
mDziKi m

+2 (4 + 0) V^ Ki mDz
mDziKi m
+ (14 +  + 0)Dz
jDziDz
mDznKinKj m
+4 (7 + − 30 + 3e)DM2
































+2 (5 + − 20 + e)DKi mDz
iDz m: (2.45)
Finiteness is achieved by imposing
 = −10; 0 = −4; e = −3: (2.46)
Once all the innities have been removed, the Lagrangian takes the form
(1.7), with the matrix-valued eective cut-o a function of the scalar elds.







Classically, supergravity theories are invariant Ka¨hler transformations
that redene the Ka¨hler potential and the superpotential in terms of a holo-
morphic function H(z):
K ! K +H + H; W ! eHW; (3.1)












This invariance is anomalous at the quantum level due to the conformal
















































+    ; (3.3)



































Gauginos and chiral fermions have Ka¨hler U(1) weights +1 and −1, respec-



































The eld dependence of the eective cut-os was in fact determined in [15]
by imposing the supersymmetric relation between the chiral and conformal
anomalies associated with Ka¨hler transformations; this in turn restricts the
Ka¨hler potential for charged PV elds.
Sigma-models coupled to supergravity are invariant under a group of non-
linear transformations Z ! f(Z) that eect a Ka¨hler transformation of the
form (3.1), (3.2). This is in general a classical invariance, and an interesting
question is under what circumstances this invariance, which we will refer to
as modular invariance, can be respected at the quantum level. If modular
invariance is broken at the quantum level, the resulting chiral and conformal
modular anomalies must form a supermultiplet. We consider some examples
below.
3.1 Nonlinear sigma-models
Consider rst an ungauged supergravity theory with no superpotential and















; kA = −jkAj; (3.8)

















where  = +(−)1 for a (non)compact symmetry group. Then the derivatives

































0 if KAi = 0
: (3.10)
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To regulate the theory, we need only include a subset of the chiral super-


































































where  = 0 if  6= .







































Cancellation of the on-shell quadratic divergences requires
N +N 0 = 2A + 2kA(nA + 1) + 3; (3.14)
and additional constraints on the parameters provide a cancellation of all
one-loop ultraviolet divergences.
The PV Ka¨hler potential (3.11) is invariant under the Ka¨hler transfor-














Y AI = = −










To obtain a fully invariant PV potential requires
AB = 1; 





 6= 1; (3.16)


















which is removed by the Weyl transformation (2.19). Thus chiral supermul-
tiplets with modular invariant masses do not contribute to quadratic diver-
gences, nor do massive abelian gauge multiplets. Since modular invariance of
their masses requires  = 0, -loops contribute only to the space-time cur-
vature term and exactly cancel the corresponding gauge loop contributions.
Therefore, modular invariant regularization cannot be achieved unless the
massless theory is free of quadratic divergences. This requires a constraint
on the total massless spectrum. If it includes NG gauge supermultiplets and
Nq additional chiral supermultiplets 















qA −Nq −N +NG + 3 + kA(nA + 1) = 0: (3.19)
If this constraint is satised, the Ka¨hler potential is not renormalized, and
the classical Bagger-Witten quantization condition [9, 10], which relates the
pion decay constant to the Planck mass in a compact -model, is preserved
at the quantum level. If this is not the case, one can still preserve the BW
condition by imposing, in addition to (2.16), the additional constraints [see




 ln () = 0 for xed  +  6= 1: (3.20)
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If the group of modular transformations is noncompact, a subgroup of the
modular transformations (3.9) may be a classical invariance of the Lagrangian
in the presence of a superpotential and of gauge interactions for a subset of
the Zi. An example is the Lagrangian for the \untwisted sector" of light
elds in a class of orbifold compactications of the heterotic string. The




GI ; GI = − ln
 







It is invariant under an SL(2; R) group of modular transformations that leave
K invariant, and the derivatives of K satisfy (3.10) with KA ! GI ; kA !











This model has the property that
AIA;JB = 0 if I = J; R
i mjnAij = 0; (3.23)
where the indices i; j;    run over all chiral elds zi, and the logarithmically
divergent contributions (2.22-28) simplify considerably. However, the ansatz




az)jRjik m, suggesting that modular invariant reg-
ularization is not possible for any choice of spectrum, although invariance of
the O(2) term can always be imposed by conditions analogous to (3.20).
3.2 String-derived supergravity
If the underlying theory is a superstring theory, there is generally invariance
under a discrete group of modular transformations on the light superelds
under which K ! K + F (z) + F (z); W ! e−F (z)W; which cannot be
broken by perturbative quantum corrections [11]. For example, in the class
20
of orbifold compactications mentioned above the Ka¨hler potential, including



























which reduces to (3.21) when the twisted elds are set to zero. The gen-
eral PV Ka¨hler potential of (2.4) is modular invariant if the eld ZI has
the same modular weight as Zi and ’C has modular weight C . The super-
potential (2.5) can be made invariant under the discrete SL(2; Z) subgroup
of SL(2; R) modular transformations, by an appropriate TI-dependence of
the PV masses:  ! (TI) = 
Q
I [(TI)]
pI, where (T ) is the Dedekind
function. This modication of the eective cut-os could be interpreted as
threshold eects arising from the integration over heavy modes.
On the other hand, it is known that at least some of the modular invari-
ance is restored by a universal Green-Schwarz counter term; this is in partic-
ular the case for the anomalous Yang-Mills coupling [12]{[15]. To study the
conformal anomalies arising from the noninvariance of the eective cut-os,









where MPV is the PV mass matrix. Under a transformation on the PV elds,
represented here by a column vector X i, that leaves the tree Lagrangian, as

























6The chiral anomaly can be obtained by a resummation [16] of the derivative expan-
sion of the helicity-odd contribution T−, which gives the standard results for the terms
condsidered here.
21
because all the operators in the determinant except MPV are covariant, and
































where i is the signature, and the last equality holds if the integrals are nite.
The PV Ka¨hler potential KPV = ki mX




i m ! giki mgm: If the PV mass is introduced via a superpotential
term W 3 ijX iXj;  = constant, the PV mass is








If the transformation is abelian: gi = e
i , and the metric is diagonal: Ki m /
i m, we just get
m0 mi = e















if, e.g., ij / ij.
If, following section 2, we introduce regulatorsXA; X 0A for 
A with signature-
weighted average modular weights −qAI , and X
a for the gauge elds with






















































































+    ; (3.32)
and the conformal anomaly matches the chiral anomaly arising from the axial
currents





















for gauginos and charged chiral fermions, respectively. The Casimirs and






A = CE8 − b
I
a: (3.34)
For orbifolds such as Z3 and Z7 that contain no N=2 supersymmetric twisted
sector [17], bIa = 0, the anomaly (3.32) is completely cancelled by a Green-
Schwarz term. For other models the residual anomaly is cancelled by string-
loop threshold eects [12] that can be incorporated in the present formalism






Note that since the masses are not modular invariant, additional condi-
tions, analogous to (3.20), must be imposed to make the quadratically diver-
gent terms anomaly free. Possibilities for cancelling the remaining modular
anomalies will be studied elsewhere.
4 Anomalous U(1)
23
In this section we include an anomalous U(1)X gauge factor: TrTX ;TrT
3
X 6=
0. To regulate a nonanomalous gauge theory we introduced heavy vector-like
pairs of states with gauge invariant masses. Explicitly, under a gauge trans-




A ! g−1A X
A; X 0A ! gA
X A; M
0 =
gMg−1, i.e., the mass matrix (3.26) is covariant, and no anomaly is intro-
duced by the regularization procedure.








If TrTa 6= 0, one cannot regulate the quadratic divergences7 without intro-
ducing a mass term for PV states X i with the same U(1)X charge q
i. As a
consequence the eective cut-o is noninvariant, which gives the conformal
anomaly counterpart to the chiral anomaly.
Thus, in addition to the PV regulators introduced in section 2, we intro-
duce chiral elds X i with signatures i that carry only U(1)X charge qi:
K ! K + ki; ki = f i(Zj; Z m)jX ij2 +OjX ij4; W ! W + i(X i)2: (4.2)
Their contribution to the chiral U(1)X anomaly vanishes; the explicit break-
ing through the mass terms cancels their contribution to the true anomaly.
We have been working with the covariant superspace formalism of [7], in
which the vector potential8 A is introduced as the lowest component of an
anti-hermetian one-form supereld, and matter superelds  are dened to
be covariantly chiral:
D _ = 0; 
 = Dj ; (4.3)
where the covariant derivative DM contains the gauge connection AM , and
M is a coordinate index in superspace. Under a gauge transformation:




XA; g−1 = gy: (4.4)
7In the context of renormalizable theories one can use dimensional regularization or
reduction and the quadratic divergence never appears.
8iA ! iam = Amj in the notation of [7].
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The chiral Yang-Mills supereld W is obtained as a component of the two-
form FMN , which is the Yang-Mills eld strength in superspace. The authors
of [7] point out that one can introduce the commonly used Yang-Mills super-








where R is an element of the supervielbein and D2−R is the chiral projection,
but this eld does not appear in the construction of the action which is
invariant under an additional gauge transformation
VX ! V
0







that is independent of (4.4). Since the gauge invariant superpotential is
invariant under the complex extension of the gauge group, there is no conflict
between (4.4) and holomorphicity of the superpotential.
However, the superpotential (4.2) changes by a nonholomophic function
under U(1)X if X
i ! gqiX i. Therefore holomorphicity requires X i !
e−qiX i;  holomorphic, under a U(1)X gauge transformation. To preserve
gauge invariance of the Ka¨hler potential, we take X i chiral in the ordinary
sense, that is, we dene DMX i = DMX i, where DM contains no gauge con-
nection, and modify the Ka¨hler potential (4.2) to read
K ! K + kie2qiVX : (4.7)
As shown in Appendix C, one obtains the standard Lagrangian when this
expression is evaluated in the Wess-Zumino gauge. This choice is not justied
unless the full theory is gauge invariant. In fact, we are interested in the
special case in which the U(1)X anomaly satises the \universality" condition
1
3







and { in string derived supergravity { is cancelled by a Green-Schwarz term [18].
Thus provided this term is included and evaluated in the WS gauge, there is
no ambiguity.
25

















 : Finiteness requires
X
i






i = 0: (4.10)
Once all the innities are cancelled one gets a nite contribution that grows













Taking, for example, the modular invariant form





































Note that a mass term is induced for the anomalous U(1)X gauge boson A.







i ln i = 0: (4.14)









X +    : (4.15)
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Under U(1)X , (4.6), jmij2 ! e−2qi(+










X +    ; (4.16)







F a ~Fa +    ; (4.17)











To make the full anomaly determined by (4.8) supersymmetric, we must
include PV elds with both U(1)X and the nonanomalous gauge charges.
This can be accomplished by assigning the same U(1)X charge qA to the
previously introduced PV elds XA; X 0A, dening the superspace derivative
as DM = DMX + TaAaM ; A
a 6= AX ; and setting
jXAj2 ! e2qAVX jXAj2; jXAj
2 ! e2qAVX jXAj
2;
in the Ka¨hler potential. The generalization of the Lagrangian of Appendix
C to this case is tedious but straightforward. Once supersymmetry of the
anomaly is imposed, with the appropriate constraints on the PV U(1)X
charges, the full anomaly is cancelled by a Green-Schwarz term that gives




















+    : (4.19)
This mechanism introduces a D-term with a well-dened coecient that has
been used in many applications to phenomenology. Note that there is also
a D-term in (4.13), that may be removed by an additional condition on the
i. One needs further information on the underlying theory to determine
whether or not this term is present.
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5 Concluding remarks
We have shown that on-shell one-loop Pauli-Villars regularization is possible
for supergravity theories with canonical kinetic energy for gauge superelds.
The resulting Lagrangian depends on the PV masses  that play the role
of eective cut-os. It remains an open question as to whether PV regu-
larization remains possible at higher order without the addition of higher
derivative terms. However since the chiral anomalies of the eective eld
theory are completely determined at one loop order, and their partner con-
formal anomalies are thereby xed by supersymmetry { through constraints
on the Pauli-Villars massess { at the same order, one loop calculations are
sucient to study the eld theory anomalies.
We found that nonlinear sigma-model symmetries can be preserved at the
quantum level only for ungauged theories with restricted particle spectra,
such that there are no quadratic divergences. It is nevertheless possible to
impose invariance of the O(2) correction, thereby preserving the Bagger-
Witten condition at the quantum level. Similarly, the O(2) correction to an
anomalous U(1) gauge symmetry may be made gauge invariant. There is also
an O(2) D-term that does not automatically vanish when gauge invariance
is imposed; further information on the underlying theory is needed to x this
term.
In string-derived supergravity a discrete subgroup of the sigma-model
symmetry is preserved to all orders in perturbation theory; a study of the
anomaly structure provides information on the type of counterterms that
must be included to cancel the eld theory anomalies. In these theories the
gauge kinetic energy term is noncanonical, and is governed by couplings to a
universal dilaton. The full loop corrections including the dilaton, and a more
detailed study of supergravity theories based on orbifold compactications
of the heterotic string, will be presented elsewhere.
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Appendix
A. The metric tensor for Y
The metric tensor derived from KY>3 in (2.4) is the inverse of that derived
















Y 0Ki + h:c:

+ jY 0 j
2
35 : (A.1)
It is straightforward to evaluate the derivatives of the metric kP Q, P;Q =




Qi m the corresponding elements of the ane con-






j ; DYI (TaY )J = −Dj(Taz)
i;
(ΓY )QPi = −γ
P
Qi; (R
Y )QPi m = −r
P
Qi m; (A.2)










A P 0 Q0 = e




QK’ ’ A Q ’ = kP Q A Q ’; (A.3)
giving the results listed in (2.37).
B. Nondiagonal gauge kinetic function
Here we sketch the generalization of [4] to the case of a nondiagonal gauge
kinetic function involving Pauli-Villars elds. Although in this paper, we
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assume a canonical kinetic energy term for the light gauge elds, we give the
results here for the case of a universal dilaton. The case relevant to section 2
of this paper is recovered by setting s = constant. With an arbitrary kinetic
function fab(Z), the Lagrangian for the auxiliary elds Da of the Yang-Mills



















; fabi = @if
ab: (B.1)
Writing fab = fa
















~Da ~Db +    : (B.2)
Here we introduce Pauli-Villars abelian gauge multiplets W 0, and take gauge
kinetic functions of the form





’a’b; f0 = 
;
fa0 = e’








































































































’a’b + ’a ’b

− e2(’a + ’a)(’b + ’b)
i
: (B.6)
Following the procedure described in [19], we introduce o-diagonal con-
nections in the bosonic sector so as to cast the quantum Lagrangian in the
form




































Fb − i ~Fb

; for i = ’b; A = A0: (B.7)
This introduces corresponding shifts in the background eld-dependent \squared
mass" matrices:
M2 ! H = M
2
 − VV




We have the following relations among derivatives of the kinetic function:
fa = Daf = e; f

































@x = 0; (B.9)
31
In evaluating the matrix elements needed for PV loop contributions, we
set background PV elds to zero and show explicitly only the terms involving
the parameters e and d. The remainder of this Appendix closely parallels
Appendix C of [4].
1. Matrix elements
The elements of HIJ ; I; J = ’
a, are
HIJ = V^IJ +RIJ +DIJ + vIJ − (VV
)IJ ;
vi m = v mi = (VV
)i m = (VV













































































































































































 + ~Fa ~F
a
 − ($ )
i
: (B.13)
The matrix elements of M are given by
M00 = 0;
M0a = ma +M






























with covariant derivatives as dened in [3, 4]:



























































As in [4], we double the quantum fermions degrees of freedom and repre-
sent them as 8-component Dirac spinors. In the following Tr denotes the full
trace of fermion mass and eld strength (G = [D; D ]) which are 8n18n2
matrices, where ni is the number of intrinsic fermion degrees of freedom. The
explicit calculation given below is for just one nonvanishing e : ni = NG(1)
for a().
33





























































































































and the chiral fermion contributions to the helicity-odd operator T− (see [4])
are































































































+ 2e2D2 +O(NG): (B.22)













































3. Mixed chiral-gauge supertrace









































































































































































(DM −DM)0a = −4TrS
2: (B.29)






















































F  − i ~F 
 
















































































F  − i ~F 
 













jDz m + h:c:
i
; (B.30)
where in the last expression (C.76) of [4] was used with (B.9) above.
4. Yang-Mills supertrace
For the bosonic contributions, we have Hg = −N ; we write N = N
0
 +
n, and evaluate here only N
0
 ! N00.
TrN = N 0Gn;












































































where we dropped total derivatives and used (B.12{B.14) of [4], as well as























































































































+ e2D2 +N 0Gt3;







For the supertraces we obtain [using (B.17{20) of [4]]


















































































The space-time curvature dependent terms in the supertraces evaluated



























 = g;  = g: (B.36)






































The result for constant x, given in (2.35) of section 2, is obtained by
setting M = 0; y = 0; s = x = g
−2 constant in the above equations. In
section 2 the elds ’^a are taken to be canonically normalized. Combining the
above results and evaluating L1−Lr+rL−KL−xL−LAXA−LALBXAB
































 (d− 2e)2: (B.38)
C. Lagrangian with a vector potential supereld
In this appendix we follow the notation of [7]: Greek letters are used for two-
component spinorial indices, Roman letters for tangent space and coordinate
indices, and the metric is (−+++), i.e. the negative of the one used elsewhere
in the text. We include the chiral elds Xx = fX i; Zag, where the X i are
PV regulator elds charged only under an anomalous U(1)X , and Z
a are the
physical, light elds of the eective low energy theory.
































+ i2  mmX 0
+ h:c: = − 14Dx





































+ i2  mmx




























ymx + h:c:; (C.2)
where K 0 = K + ki and the last equality follows because
qik
i = (TXx)











The rst two terms are the contributions to ~DM of [7] quadratic inX i without







; etc:; xi = X i
 ; a 6= i; x; y = i; a: (C.4)
The remaining terms covariantize @mx
i and give the correct  ; X ; DX terms.

























K 0i (@a + iqiaa)x
i − h:c:: (C.5)
In other words Aa includes the gauge connection for U(1)X . The fully co-









































where we used the fact that











x)yK 0xy + h:c: 3 qiamk
i
xy 
ymx + h:c: +O(X4); (C.8)
which is just the last term in (C.2). Thus we get the standard form of the
tree Lagrangian, and loop corrections from X i are also of standard form.
Converting to the notation used previously (e.g., ama
m ! −AA); we ob-
tain the results (4.9,4.13,4.15) given in section 4, where we used the classical
equation of motion DX = −g2dX : The right hand side of (4.13) is given by
the RHS of (C.2) with fermion elds set to zero and ki ! 2 = constant.
D. Errata
Here we list corrections to [3, 4].
1. The term +18 (gr + gr + gr + gr) is missing from the ex-
pression for X; in (2.22) and (B3) of [3]. As a consequence (B6) should
read
TrX = −20V +2r; TrX2 = 40V 2−24rV +22rr
−2r2+total derivative;



















































































































In addition, in Eq. (C.55) of [4], the replacements
xF aF









































a ; −5rD ! −13rD;
should be made in the second equation of (C.62).
2. In (3.33) the expression for T3 is missing a term:










the last line of TrRR5 in (3.35) has the wrong sign, and the last term in
the second line of the RHS of (3.36) should be multiplied by −2=3. As a











fourth line of (C.62). In addition 14 !
1
6 in the second line of STrG^
2
g+G in










































and (C.64) should read:
















































































3. The sign of the last term in the expression for D2 +HGh in (2.12) of [3] and
in (C.14) of [4] is incorrect. As a consequence, −18ΓΓ in footnote 22
of [4] and −6ΓΓ in (B18) of [3] should both be replaced by −2ΓΓ
in (C.61).




Da: As a con-
sequence of this and the above item, the coecient −24 should be replaced




be 12 instead of 2 in the same equation. In addition the nal results (4.6-8)





































from contributions proportional to [D;D ]







































3 . In addition the contribution of R was neglected in the
calculation of 2t; this gives an additional contribution
−2iDz
k xDz m mjk + jk (@x− i@y) hxjDaFa + 2(Taz)j Fa − i ~Fa i
+2jj@x@yD
aFa + h:c:;
which does not contribute to (2.22), and only the last term contributes when
the string dilaton is present.



















in footnote 8 of [4] should be multiplied by −2.
6. The last term in brackets in the expression for Tr(H3 )
2 in (C.33) of [4]
should be multiplied by 12 , and the last term in (C.38) should be multiplied
by −2, with corresponding changes in (C.36) and the nal results.
7. There are errors in the coecients of the the expressions following −Tg4




, Eq. (C.41), and in similar terms in
the other traces. For the canonical gauge kinetic energy case considered
here the corrections to amount to the changes: −2DV^ − 6DM2 in (C.41),
−28DM2 in the expressions for 12STrH
2
, Eq.(C.36), +8DM




















8. The following are misprints in [4]:





should be multiplied by 12 in the rst line of (C.46); the sign of
the last term in footnote 23 is incorrect.
The terms quartic in the eld strength in (C.52{58) should be multiplied by
x2.
(N + 5)=r2 ! 5=r2 in (C.58).
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The terms M2(@y@
y=x2) in (C.67,70) should be multiplied by 4.
M2 ! M
4
 in the second line of (C.71), and there should be a + sign in
front of the third from last line.
In addition, a factor Dz mDzi is missing from the coecient of
2Ki m

V^ + 2M2 

in the expression for 14TrjDMj
2 in (B12) of [3].
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